The polarisation of sunlight after scattering off the atmosphere was first described by Chandrasekhar using a geometrical description of Rayleigh interactions. Kosowsky later obtained similar results after extending Chandrasekhar's formalism by using Quantum Field Theory (QFT) to describe the polarisation of the Cosmological Microwave Background radiation. Here we focus on the polarisation of high energy radiation. After demonstrating why the geometrical approach fails and pointing out the need to extend Kosowsky's description, we establish the transport formalism that enables us to describe the change in gamma-ray polarisation as high energy photons propagate through space and the atmosphere. We primarily focus on Compton interactions but our approach is general enough to describe photon scattering off new particles. Finally we determine the conditions for a circularly polarised γ-ray signal to keep the same level of circular polarisation as it propagates through space or the atmosphere.
I. INTRODUCTION
The polarisation of light is a cornerstone of modern astrophysics. Observations of both linear and circular polarisation have been used to understand the nature of astrophysical sources emitting electromagnetic radiation (from infrared, IR, up to X-rays) [1] [2] [3] . The associated formalism was first introduced by Chandrasekhar, who described the polarisation of starlight after scattering off dust particles in the atmosphere using a slightly different version of the (I, Q, U, V ) Stokes parameters [4] . In the conventional formalism of the Stokes parameters, the I-parameter measures the intensity of the polarisation signal, the Q-and U -parameters provide information regarding the linear polarisation of that signal and the V -parameter indicates whether the observed light is circularly polarised.
Chandrasekhar did not possess a Quantum Field Theory (QFT) description of particle interactions at the time so he used a geometrical description of the Rayleigh interactions to describe the radiative transfer of the visible light through the atmosphere. To perform his calculations, he then decomposed the polarisation on a (I l , I r , U, V ) basis, where I l , I r stand for the decomposition of the intensity along the two main axes of the polarisation plane. The results are encapsulated in the so-called P-matrix which describes the change in polarisation (and Stokes parameters) after scattering. In 1994 Kosowsky extended Chandrasekhar's formalism and described the polarisation of the Cosmological Microwave Background (CMB), i.e. mm radiation, as it propagates in an expanding (inhomogeneous) Universe using a QFT approach (see Ref. [5] ). Due to the nature of Rayleigh and Thomson scattering interactions, both Chandrasekhar and Kosowsky concluded that the V -parameter was secluded. In other words, a low energy circular polarisation signal cannot generate a linearly polarised component nor can it be produced by the scattering of a linear-polarisation signal off cosmic material. Yet the intensity of a circularly polarised signal can change as the light scatters off ambient material. Photons have indeed two helicity states. Each of them are associated with one circular polarisation state (refer to as left-handed and right-handed in the following); if one helicity state dominates over the other one, the observed light will be circularly polarised and the measured V -parameter will be non-zero. We refer to this case as a net circular polarisation. If however the number of photons with ± helicity state is the same, there is no net circular polarisation and the V -parameter is essentially zero. Photon interactions can thus change the fraction of net circular polarisation. They also change the properties of the linearly polarised light.
The aim of this paper is to describe how the polarisation of high energy electromagnetic signals changes as they propagate through space or in the atmosphere. The energy of the photons is such that the scattering material can be boosted by the interactions, thus making the (classical) radiative transfer approach inappropriate. The QFT approach that Kosowsky developed is more suited to describe the nature of the interactions (though the Physics of interactions at high energy is different from that at low energy) but the propagation of high energy photons in space is very different from the propagation of mm radiation in an expanding Universe. The correct formalism thus has to be a mixed of the two; i.e., one needs to embed the QFT formulation in a radiative transfer framework. Here we develop such a formalism and show how to recast Chandrasekhar's low energy P-matrix in terms of the (QFT) scattering matrix amplitude elements, thus addressing an important gap in the literature. Our formalism is general enough to be applied in a different context, including for example to describe the evolution of the Stokes parameters after the light scatters off generic new particles.
The paper is organised as follows. In Section II, we present the classical radiative transfer formalism; we define the Stokes parameters and how they change after scattering. In Section III, we present the Quantum formalism and the relation between the Stokes parameters before and after scattering with the scattering amplitude. We show that it is consistent with the radiative transfer in the low energy limit in Appendix A. We generalise the latter in presence of generic interactions in Section IV before discussing the special case of (high energy) Compton interactions and circular polarisation. This discussion is particularly relevant since circularly polarised γ-ray signals could reveal the nature of the particles in cosmic accelerators [6] . Finally we provide the transport equations of the Stokes parameters in space (or the atmosphere) in Section VI. We conclude in Section VII.
II. CLASSICAL FORMALISM
In this section we review the radiative transfer formalism introduced by Chandrasekhar to determine the polarisation of the visible light after Rayleigh scattering.
A. Electric field definitions and basis
The electric field E can be expressed as the linear combination of two perpendicular polarisation vectors l and r , E(x, t) = (E r r + E l l )e i(wt−k·x) ,
where E r = a r e iδr and E l = a l e iδ l with a l,r , being real and δ l,r being the phases of E l,r respectively. From this definition, it follows that the two (orthogonal) vectors l and r which define the polarisation plane (see Fig. 1 ), can be written as [7] l (k) = 1 k 0 k T (k x k z , k y k z , −k 2 T ) ,
where k refers to the 3-momentum of the propagating light k = (k x , k y , k z ) and k T = k 2 x + k 2 y . When the two phases are the same δ l = δ r = δ, the electric field is linearly polarised, i.e., it oscillates in a plane, and can be expressed as E(x, t) = (a r r + a l l ) e iδ e i(wt−k·x) .
(
When the two phases differ by δ l − δ r = ±π/2 and the amplitudes are the same (a r = a l = a), the electric field rotates around the propagation direction and the light is circularly polarised. The electric field then reads E(x, t) = ( r ± i l ) a e iδr e i(wt−k·x) .
For convenience, we will define another set of perpendicular vectors ± as a linear combination of l,r , which can be written as
where + and − describe photons with positive and negative helicity along the propagating direction respectively. The electric field, see Eq. (1) , in this ± basis, reads E(x, t) = (E + + + E − − ) e i(wt−k·x) ,
where E ± are given by
Without loss of generality, one can always re-parametrise E ± as E ± = a ± e iδ± with a ± being absolute values and δ ± phases of E ± , respectively. While both the linearly and circularly polarised light can be described in the l,r and ± basis, we note that the l,r basis is more convenient to describe the linearly polarised light and the ± basis is more appropriate to describe circularly polarised light.
B. Stokes parameters
Chandrasekhar's representation of light makes use of four Stokes parameters I, Q, U , and V , where I represents the intensity, Q and U give some information about the linear polarisation properties and V provides some information regarding the net circular polarisation of the signal. In the (l, r) basis, the Stokes parameters are defined by
If instead we use the ± basis, as defined in Eq. (5), to represent the Stokes parameters, we obtain the following
This last equality indicates that there is no net circular polarisation (V = 0) when a 2 + = a 2 − .
C. Chandrasekhar's R-matrix and P-matrix
Chandrasekhar was able to predict the polarisation of sunlight after scattering by introducing the Stokes parameters and using a geometrical description of the scattering. At low energy the scattering does not change much the energy but it does change the direction of the outgoing photons with respect to the incoming photon direction. Therefore it does make sense to use a geometrical description of the scattering process. To simplify the calculations, it is convenient to first describe the change of polarisation in the scattering plane (see Fig. 1 ) and then, in a second step, embed the result in three dimensions. In this context, the description of the scattering process in the scattering plane is referred to as R-matrix while the description in 3D is referred to as P-matrix.
There is however a subtlety that is important to take into account. One can easily decompose the intensity I and the parameter Q into two components I = I l + I r and Q = I l − I r , with I r = a 2 r and I l = a 2 l the intensity along the ( r , l ) axis defining the scattering plane (see Fig. 1 ). This observation motivated Chandrasekhar to work with the set of I l , I r , U, V parameters, instead of the more conventional I, Q, U, V Stokes parameters [4] . As a result both the R and P-matrix that are quoted in Ref. [4] are valid in the I l , I r , U, V basis. This can be summarised as where the superscript (1) and (2) denote the parameters before and after scattering respectively. In the case of Thomson or Rayleigh interactions, it is straightforward to obtain the R-matrix. Indeed in the scattering plane, the photons are scattered with an angle θ in the l direction and thus I (1) r (see Fig. 1 ). Consequently, the R-matrix for Thomson scattering reads as
The P-matrix is then readily obtained by first rotating the plane defined by the incoming polarisation vectors by an angle −Φ 1 and then rotating the outgoing direction by π − Φ 2 , as shown in Fig. 2b . This leads to the following relationship between the P-and the R-matrices [4] 
where, L(Φ) is defined as
and leads to the relation displayed in Appendix A 1 for the P-matrix, which eventually (after relating the angles Φ 1,2 and θ to the angles that define the most generic frame ,i.e., the fixed frame, see Appendix B, namely φ 1,2 and θ 1,2 , see Fig. 2) leads to
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FIG. 2:
In panel (a), we show the scattering plane in an absolute referential frame. The latter is defined by the scattering of an incoming photon off a particle located in O (see green vectors). One can associate a polarisation basis for each incoming and outgoing particle, i.e., (
l ,
r ) and (
r ), noticing that l must be parallel (and r perpendicular) to the plane formed by the z-axis and the corresponding photon direction. In this figure, Φ1,2 are the angles between the (1,2) l vectors,and the scattering plane respectively. In panel (b) we define, in green colour,the parallel and perpendicular to the scattering plane basis as (1, 2) ||,⊥ . We show the two rotations that are needed to obtain the P-matrix, namely L(−Φ1) to rotate the (1) l,r to the (1) ||,⊥ basis and L(π − Φ2) to rotate the (2) ||,⊥ to the (2) l,r basis. and s 12 = sin(θ 2 − θ 1 ), c 12 = cos(θ 2 − θ 1 ), µ 1,2 = cos φ 1,2 .
We note that it is actually possible to recover the P-matrix straight away from the Stokes parameters, using the definition of the electric field in Eq. (1) and the Stokes parameters given in Eq. (8), see Appendix A 3. We note that we can also recover Chandrasekhar's R-matrix, see Eq. (11), by using the expressions given in Appendix A 3 and substituting the polarisation vectors by their rest frame kinematics i.e., θ 1 , θ 2 , φ 1 = 0. Focusing on the intensity components of a signal,
we note that summing up the sub-elements of the P-matrix leads to the scattering matrix amplitude squared, that is
which leads eventually to the well-known expression of the Thomson cross section in the electron rest frame, namely
where φ 2 is the angle between the outgoing photon direction and the initial electron (i.e., θ in the rest frame as depicted in Fig. 1 ). There is therefore a strong connection between the P-matrix that Chandrasekhar obtained and the scattering matrix amplitude squared that one can derive using QFT.
D. R-matrix and P-matrix in the (I, Q, U, V ) basis
It is possible to define the equivalent of the R-matrix and P-matrix in terms of the (I, Q, U, V ) Stokes parameters. We will refer to the latter set of parameters as the (I, Q, U, V ) basis and the former as (I l , I r , U, V ) basis. To avoid confusion we will denote by R and P the R-matrix and P-matrix in the (I, Q, U, V ) basis. In other words,
depending on whether this relation is computed in the scattering plane or in 3D. In the remainder, we will use this basis to discuss the Stokes parameters for circularly polarised light since the I, Q, U, V parameters are well defined in terms of ± polarised states (see Eq. (9)). In the (I, Q, U, V ) basis, the transformation from the R -matrix to the P -matrix is given in Appendix A 2.
III. QUANTUM FORMALISM
We now focus on the Quantum formalism and show how to relate the Stokes parameters to the scattering matrix amplitude M associated with microscopic interactions.
A. Stokes operator
We saw in the previous section that one can describe the change in the Stokes parameters (P-matrix) after scattering using a geometrical description of the interaction. However the latter can be understood from a more fundamental point of view using QFT. To proceed, we first need to remind the reader of the definition of a photon quantum state. The latter reads as [8] |γ (α) = a r e iθr | (α)
where | (α) r, l are the helicity states and α = 1, 2 denotes the initial and final states respectively. Let the operator for the Stokes parameters beŜ = (Î,Q,Û ,V ), then the associated observables can be constructed using the relationship
withŜ (α) the Stokes operators for the initial or final state defined aŝ
with i, j = r, l or ±. In the (l, r) basis, the Stokes operator takes the form
which leads to the definitions in Eq. (8) . In the ± basis, the Stokes operators take the form
leading to the definitions in Eq. (9).
B. Relation between the Stokes parameters and the scattering matrix amplitude
Now that we have defined the Stokes operators, we can relate them to the scattering matrix amplitude for any photon scattering process, namely, M(X γ i → X γ i ) ≡ M i i , with X being the particle the photon scatters off (e.g. an electron in the case of Thomson or Compton scatterings). In this way, the scattered polarisation state (| (2) i ) can be expressed in terms of the initial polarisation state (|
where i, i refers to the (l, r) or the ± basis. Therefore the Stokes operators after scattering can be expressed in terms of the initial state operators as
Using Eq. (22) and Eq.(25), we then obtain
which eventually leads to a relation between the initial and final Stokes operators for any photon scattering process at any photon energy in the (I, Q, U, V ) basis. This relation is given by what we call the A-matrix which has the following form:Ŝ
where the i ij j indices refer to the different polarisation of the photons in the initial and final states. We can now express A i ij j in the l, r helicity states explicitly, that is
.
while for the ± helicity states we get
using the appropriate matrix W given in Eq. (24) . To compare with the results obtained by Chandrasekhar, we need to perform the following transformation
It is important to note that this transformation is only meaningful for the l, r basis since the Stokes parameters in the (I l , I r , U, V ) basis are not well defined in the ± helicity basis. Using this transformation, we finally obtain the following definition of the P-matrix:
We note that, at low energy, the above expression can be used to derive both P-matrix or R-matrices, depending on the choice of kinematics. Using the rest frame kinematics (i.e., the kinematics defined in the 2D scattering plane) Eq. (31) leads to the expression of the R-matrix while the fixed frame kinematics Eq. (31) leads to the P-matrix.
The P-matrix finally reads as
We illustrate how to use this relationship in the case of Thomson interactions in Appendix A 4.
IV. LIGHT POLARISATION: GENERAL FORMALISM
We are now equipped to determine the polarisation of high energy radiation after Compton scattering or the scattering of light off Beyond Standard Model particles. Unlike Thomson interactions which do not change the helicity configurations of the electron, Compton interactions could affect both the photon and electron helicities due to the energies at play. As a result, we expect the relation between the scattered and incoming Stokes parameters to be much more complex than in the case of Thomson interactions, and to depend on both the momentum and energy of the electron. In the previous section, we have defined the (l, r) helicity states using the direction of the outgoing photon after a low energy incoming photon hit an electron at rest. At high energies, it is more convenient to use the ± helicity states to study the polarisation of light using the QFT formalism. Therefore, we will adopt the ± helicity basis in the remainder of this paper.
A. Generic expressions
For clarity, we remind the reader of our notations:
• A-matrix: The most generic relation between the incoming and scattered Stokes parameters in the (I, Q, U, V ) basis is given by the A-matrix. This relation is valid for any photon energy scattering with any type of particle, and can be computed using both the (l, r) and the ± photon helicity states.
• R -matrix and P -matrix: These matrices relate the incoming and outgoing Stokes parameters in the (I, Q, U, V ) basis for the scattering and 3D plane respectively. They can be obtained by computing the Amatrix using the 2D (R -matrix) or 3D (P -matrix) kinematics.
• R-matrix and P-matrix: When using the (I l , I r , U, V ) basis, the relation between the scattered and incoming Stokes parameters are given by the R (scattering plane) and the P-matrix (3D plane). For low energy photons, they can be computed using a geometrical method or from the A-matrix with the (l, r) photon helicity states.
In the latter method, the R-matrix is obtained using the 2D kinematics while the 3D kinematics lead to the P-matrix.
Consequently, if we want to study the relation between the incoming and outgoing Stokes parameters for circularly polarised light, the main quantity to compute is the A-matrix using the ± photon helicity states. For a generic interaction this is given by
B. A-matrix for Compton interactions
For the particular case of Compton scattering, we can now determine how the Stokes parameters change after γ-rays scatter off electrons by inserting the Compton scattering matrix elements M i i ≡ M(e α γ i → e β γ i ) (where α, β = ± denote the electron spin configurations) and using the definition
We find that the A-matrix simplifies to
where p 1 is the 4-momentum of the incoming electron and k 1 , k 2 are the 4-momentum of the incoming and outgoing photons respectively.
C. R -matrix for Compton interactions
We can get an expression for the R -matrix by computing the dot products in Eq. (38) using the appropriate kinematics of a two dimensional plane, such as the rest frame of the electron (see Appendix B). We get
with ∆E γ ≡ (E γ,1 − E γ,2 ). Here, E γ,1 , E γ,2 are the energies of the incoming and outgoing photons respectively, and θ is the angle between the incoming and outgoing photon. As mentioned before, the P -matrix can then be calculated by computing the dot products in Eq. (38) using the fixed frame kinematics.
D. Low energy limit
We can also follow Chandrasekhar's procedure to determine the R-matrix for Compton scattering. Using Eq. (30) to separate the parameters I and Q into their components I l and I r , we find that
so that, in the rest frame of the electron, we obtain the R-matrix in the (I l , I r , U, V ) basis for Compton scattering:
We can take the low energy limit (E γ,1 E γ,2 m e ) to verify that we recover the same Thomson R-matrix as Chandrasekhar (see Eq. (11)). This also leads us to Chandrasekhar's P-matrix by rotating the R-matrix using Eq. (13), as discussed in section II C.
We note that Chandrasekhar's geometrical approach is not needed for high energy photons using the ± helicity states. This greatly simplifies the calculations since the rotation of the plane defined by the ( + , − ) vectors has a non trivial relation with the scattering angles in the fixed frame.
The novelty of the approach presented in this section is that it allows us to compute the relation between the Stokes parameters -before and after scattering in the (I, Q, U, V ) basis -directly from scattering amplitude, without the need of following the geometrical approach Chandrasekhar presented. Nevertheless, we obtain his results at low energies and generalize them for any photon energies. Furthermore, it is important to note that in Eq. (39), the element R 44 is still secluded. This means that a net circular polarisation signal cannot be converted into a linear polarisation, as expected. Therefore, a change in circular polarisation can only occur if there is a change in the number of photons with a given helicity. These results have also been checked using a different approach to calculate the scattering amplitude based on its decomposition in terms of different photon helicities. We refer the reader to Appendix C for further details.
V. CIRCULAR POLARISATION
While circular polarisation is usually associated with the presence of a strong magnetic field in astrophysical or cosmological objects (e.g. Galaxy clusters, stars and Active Galactic Nuclei, AGNs) [9, 10] , it may also provide some important information regarding the nature of the fundamental particle interactions within these objects [11, 12] .
A. Sources of circular polarisation
Prior to determining whether a net circular polarisation signal can survive in propagation, it is worth reviewing how circular polarisation (CP) signals can be generated in space. There are essentially four mechanisms, namely
• Faraday Conversion
Several theoretical studies have proposed that a small fraction of circular polarisation could originate from the Faraday conversion of linear polarisation. This mechanism takes place when linearly polarised photons pass through a strong magnetic field. A phase shift is generated in the photon linear polarisation components, and eventually leads to a circular polarisation signal. The CMB, which is known to be linearly polarised, could thus acquire a small circular polarisation component through Faraday conversion as it travels through large-scale magnetised regions of the Universe [13, 14] . We note that sources of magnetic fields in the Universe include hypothetical Population III star remnants [1, 2] , magnetic fields within galaxies and galaxy Clusters [12] , primordial magnetic fields [15] as well as jets.
• Bi-refringence Another way to produce circular polarisation signals is through birefringence, see [16] for details. Birefringence occurs when a linear polarisation signal passes through a medium of aligned grains whose alignment twists along the line of sight. When the amount of linear polarisation is high (as this could occur for example in reflection nebulae), a high degree of circular polarisation could be produced [17] .
• Synchrotron emission
Synchrotron emission as a source of circular polarisation was first proposed in [18] and then developed by Legg [19] . This mechanism continues to be studied, in particular in light of the recent progress regarding strong magnetic fields as well as homogeneous and inhomogeneous magnetic fields see Ref. [20] [21] [22] . There is now evidence that Synchrotron emission produce both linear and circular polarisation signals [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] , and we note that a circular polarisation signal may be of intrinsic origin [33, 34] (i.e., it could be generated in absence of Faraday conversion of linear polarisation in sites where there exists a large-scale magnetic field).
• Parity-violating interactions and charge asymmetry
Circular polarisation could be produced in cosmic accelerators when Standard Model particles of the same charge (for example proton-proton) collide with each other and produce an excess of positive (negative) mesons and muons with respect to their negative (positive) counterparts [6] , which eventually decay radiatively through parity-violating interactions. Electroweak (loop-induced) interactions of photons with the cosmological neutrino background could also create a circular polarisation signal [35] , although the signal is expected to be very small.
Circular polarisation could also be generated by beyond the Standard Model interactions (see for example [11, 14, 16, [36] [37] [38] [39] [40] [41] [42] .
Finally circular polarisation signals are expected in conjunction with the 21 cm hydrogen [43] . The hydrogen excitation that generates the circular polarisation signal is produced owing to the interaction of the hydrogen with the CMB quadrupole moment and could be measured in the future with an array of dipole antennas. Such a signal would indicate the existence of primordial gravitational waves [44] .
B. Scattering with unpolarised electrons
We can now study the change of polarisation of low and high energy γ-rays hitting electrons. Since there is no transfer of polarisation from linear to circular polarisation and vice versa, the change of circular polarisation can only reflect the change in the number of photons with a given helicity state (i.e., γ + to γ − or conversely). If the scattering is as likely to change the photon helicity as to maintain it, then we expect no net circular polarisation -that is V (2) = 0 regardless of the initial net polarisation. The asymmetry between the processes which preserve the photon helicity and those which change it constitutes a good indicator of the change in net circular polarisation (∆ V ). This change can be formulated in terms of the scattering matrix amplitudes, as
where
From this expression, one readily sees that the value of ∆ V is limited to the range [−1, 1] and different values can be interpreted as follows.
• ∆ V = 1: There is no change in the initial value of the V parameter (i.e., no change in the amount of circular polarisation).
• 0 < ∆ V < 1: The initial circular polarisation is partly washed out by the scattering. However most of it is preserved.
• ∆ V = 0: Any net circular polarisation will be erased completely after one single scattering.
The circular polarisation is mostly flipped.
• ∆ V = −1: The net circular polarisation is totally flipped via the scattering so that V (2) = −V (1) .
A similar percentage can be defined in terms of the total cross section corresponding to each amplitude, where the information about the outgoing particles is integrated out and can be expressed in terms of a single kinematic variable (see Appendix E for details).
We can now determine how likely a net circular polarisation signal, i.e., the value of the V -parameter, is expected to be preserved through the Compton scattering process as a function of the incoming and outgoing kinematics. In In the former three frames, we choose the incoming photon energy Eγ,1 and the angle between outgoing and incoming photons θ as variables. In the last frame, the incoming photon energy Eγ,1 and the angle between outgoing photon and incoming electron are chosen as variables. Fig. 3 we present the asymmetry ∆ V defined in Eq. (43) as a function of the incoming photon energy and the angle between the incoming and outgoing photon (θ). The results are shown in the centre of mass frame (COM), the rest frame, the spin frame and the fixed frame. The rest frame is very useful for energetic photons propagating through a medium and scattering with very low energy (background) electrons. The spin frame is a new frame that we define in this paper to reflect the fact that for incoming and outgoing electrons travelling in the ∓z, the spinor definitions that we are using to calculate the matrix amplitude (see Appendix D) correspond to the spin eigenstates of the electrons. The results in this frame thus match the result in the COM frame. The fixed frame gives the most general description of electron photon scattering. The only constraint is that the momentum of the incoming electron is fixed along the +z direction. This gives us more freedom about the angular configuration of the scattering. In this frame, it is not very intuitive to show ∆ V as a function of θ so we will present it as a function of the angle between the outgoing photon and the incoming electron (i.e., φ 2 ), as in Fig. 3d . In this figure, we have fixed the incoming electron momentum at p 1 = 5 MeV, as well as the angles φ 1 = θ 1 − θ 2 = π/3, where φ 1 is the angle between incoming electron and photon and θ 1 − θ 2 is the difference of the angles of the incoming and outgoing photons projected on the plane perpendicular to the z direction. Note that this plot is just shown as an example, more results for the fixed frame can be found in Appendix F. The polarisation behaviour is dependent on all these kinetic variables. Once any of them changes, the information of ∆ V may change quite a bit. For more information about how ∆ V varies in the different frames of reference, we refer the reader to Appendix B.
A common feature among the first three frames is that, for a low energy incoming photon, E γ,1 m e , the asymmetry ∆ V crucially depends on the direction of the outgoing photon after scattering. The fixed frame does not follow this feature simply because we have assumed a relativistic incoming electron by fixing p 1 at 5 MeV. If the incoming electron is non-relativistic (as can be seen in the appendix F) we get similar results as in the other frames.
In the high energy regime of the incoming photon (E γ,1 m e ), Compton scattering preserves the helicity states of most of the incoming photons regardless of the direction of the outgoing photon. However, this is not true in the rest frame (Fig. 3b) , where ∆ V strongly depends on the scattering direction of the outgoing photon with respect to the incoming photon and is independent on the incoming photon energy. When the initial electron is at rest, the only way that a "+/−" polarised photon can conserve angular momentum requires the photon to be scattered in the forward direction. Otherwise, it would have to flip its polarisation. On the contrary, when the electron has some initial energy, (like in the spin or COM frames for E γ,1 m e ), the photon can scatter in any direction while keeping its initial polarisation without violating angular momentum conservation. One common feature of all the frames in this regime is that the change of the net polarisation no longer depends on the incoming photon energy. However, when the energy of the incoming photon is around or slightly above the electron mass, the value of ∆ V is strongly frame dependent.
C. Scattering off polarised electrons
So far we have averaged over the electron spin configuration. However it may be that the light propagates in a medium where the electrons have one particular spin configuration. To study whether the net circular polarisation will be affected in such a medium, we define the change of the net circular polarisation asymmetry by:
for the cases of the electron spin J z (e 1 ) = + 1 2 in the rest frame. Similarly, one can define ∆ V,e− for the case of J z (e 1 ) = − 1 2 by exchanging e + and e − . Here we only show the results in the rest frame as a case of study, but it is worth noting that this definition is valid in all four frames of reference as long as the initial electron momentum is zero or along the z-axis. When the electron travels at an angle with respect to the z-axis, the spinor defined in Appendix D is no longer an eigenstate of the spin operator and consequently, does not carry any physical meaning.
The behaviour of ∆ V,e± is numerically shown in Fig. 4 . In the low energy regime (E γ,1 m e ), ∆ V,e+ and ∆ V,e− follow the same distribution as that in the scattering with an unpolarised electron. Consequently, the change in polarisation of low energy photons scattering with electrons at rest is the same regardless the electron initial spin state. On the other hand, the results for high energy incoming photons present different features. For a photon with energy E γ,1 > m e and positive helicity, its polarisation is flipped if the spin of the incoming electron is + 1 2 , Fig. 4a , and it is conserved after scattering if the spin of the incoming electron is − 1 2 , Fig. 4b independently of the direction of scattering of the outgoing photon. We note that, unlike the results for photon scattering with an unpolarised electron in the rest frame, the mass of the electron is a relevant energy scale when fixing the electron spin since in this case, the change of net circular polarisation behaves very differently when the incoming photon energy is above or below the electron mass. 
VI. BOLTZMANN EQUATION
Now that we know how the Stokes parameters are modified after scattering, see Eq. (42), we can study their evolution as light propagates through space, using the Boltzmann equation. The latter is given by
where n is the phase space photon distribution function and C is the collisional term, i.e., a functional of the photon distribution function f describing the scattering of the photon with any other particles ψ in the medium. The latter reads as C[n] = dp 1 dp 2 dk 2 |M(ψγ → ψγ)| 2 (2π) 4 δ 4 (
where p 1(2) ≡ (E ψ,1(2) , p 1 (2) ) is the four-momentum of the incoming (outgoing) particle ψ in the medium, k 1(2) ≡ (E γ,1(2) , k 1 (2) ) is the four-momentum of the incoming (outgoing) photon,
, dp 1(2) ≡ d 3 p 1(2) (2π) 3 m ψ E ψ,1 (2) , n ψ,γ is the distribution function of the particles ψ and γ respectively, and |M(ψγ → ψγ)| 2 is the squared scattering matrix amplitude. In the current form, this equation can be applied to any particle physics process involving elastic photon scattering.
A. Boltzmann formalism for generic interactions
In order to study the evolution of the polarisation, we need to relate the photon energy distribution to the Stokes parameters. In Eq. (24), we saw that the Stokes parameters could be expressed in terms of the different photons states. The next step is to relate them to the density matrix. Combining Eq. (24) with the definition of density matrix
where i, j = {l, r} or {+, −}, and making use of
with S = I, Q, U, V , the Stokes parameters in the ± basis can be expressed as
To continue further, we need to define the time evolution of the different matrix density elements. This can be done by expressing the photon number operator D ij (k) ≡ a † i (k)a j (k) in terms of the density matrix associated with the different photon polarisation states [5] . Making use of the relation
and assuming that the collision time scale is smaller than the time scale for the variation of the density matrix (which is true for weak scale processes), we can then express the density matrix in terms of the photon number operator [45] (2π
where H 0 I is the interaction Hamiltonian to first order. Assuming that most of the particles in space are not polarised, and following [5] , Eq.(52) can be rewritten as
where M αα ≡ M(ψγ α → ψγ α ) with α, α = ± being different polarisation states of the photon. This eventually leads to
Expressing the scattering matrix elements in terms of the A-matrix elements, we then get
Therefore, using Eq. (50) and (54), we obtain the time evolution of the Stokes parameters, namely
where p 2 = p 1 +k 1 −k 2 and where it is assumed that the particles in the medium follow a thermal Maxwell-Boltzmann distribution so that n ψ,1(2) ≡ n ψ,1(2) (x) = d 3 p 1(2) (2π) 3 f ψ (x, p 1(2) ). We are now ready to compute the time evolution of the circular polarisation component by inputting the appropriate electron densities and A-matrix elements. This has been done for low energy photons in [46] .
B. Boltzmann formalism for photon-electron scattering
For the study of more than one process we now apply the Boltzmann formalism to the photon-electron scattering. Using the general results in Eq. (56) and Eq. (37) the Boltzmann equation for photon-electron scattering simplifies and can then be expressed in terms of the A-matrix elements. Consequently, for the specific case of Compton scattering, we get
× n e,1 I(k 1 ) − n e,2 I(k 2 ) A 11 + n e,1 Q(k 1 ) − n e,2 Q(k 2 ) A 12 ,
× n e,1 I(k 1 ) − n e,2 I(k 2 ) A 12 + n e,1 Q(k 1 )A 11 − n e,2 Q(k 2 )A 22 ,
where c 2 ≡ cos 2φ 2 and c 1 ≡ cos 2φ 1 and the explicit form of the A-matrix elements are given by Eq. (38) . We note that the evolution of the intensity I(k 1 ) and linear polarisation parameter Q(k 1 ) are independent of the evolution of the U (k 1 ) and V (k 1 ) parameters. Consequently, for Compton scattering, there is no conversion between circular and linear polarisation over time as expected.
VII. CONCLUSION
Polarisation is a critical measurement in Astrophysics. It strongly relies on theoretical estimates of fundamental processes such as Synchrotron radiation and Faraday conversion. So far the literature has focused on the polarisation of visible light and mm radiation, and there are some efforts to describe the polarisation of X-ray radiation [1] . However γ-ray signals may also be polarised and the question we address in this paper is how to describe the possible change of polarisation as photons of any energy propagate through space or the atmosphere. Here we derive the formalism for such studies assuming generic interactions and eventually focus on Compton interactions.
The classical radiative transfer introduced by Chandrasekhar to describe Rayleigh scattering of visible light cannot be used to describe the change in polarisation of these signals because it only provides a description of the geometry of the scattering. Yet the P-matrix introduced by Chandrasekhar to relate the Stokes parameters in the (I l , I r , U, V ) basis before and after scattering can still be defined in the case of Compton interactions. Our formalism generalises Chandrasekhar's results to any type of photon interaction at any energy. This is done by relating the incoming and outgoing Stokes parameters in the (I, Q, U, V ) basis by what we call the A-matrix, which is given in Eq. (34) . Rather than following a geometrical approach, this matrix is constructed in terms of the QFT scattering amplitude elements of the relevant process, and leads to the well known Chandrasekhar's P-matrix at low energies.
As it is expected, the A-matrix elements at high energy (Eq. (37)) are significantly different from the ones at low energy. Some of the elements which were vanishing in the low energy limit are now non-zero at high energy. Furthermore, unlike the low energy case, the change of the Stokes parameters after scattering also depends on the photon energies in the initial and final states. The relationship between the Stokes parameters before and after scattering is therefore more complex at high energy than at low energy. Nevertheless, just like for the interactions at now energies, circular polarisation is secluded. Consequently, if the V -parameter changes after scattering, this means that a number of photons with a given helicity state were converted into photons with the opposite helicity. Therefore, if one kind of circular polarisation dominates over the other one, we will be able to observe a net circular polarisation signal.
To study the change in the net circular polarisation after photon-electron scattering we defined ∆ V , which is given in terms of the scattering matrix amplitude. According to Eq.(43) ∆ V = 0 implies no circular polarisation after scattering, meaning that the number of photon states with opposite polarisations is equal. Therefore when ∆ V = 0, we will be able to observe a circularly polarised signal, regardless of whether the polarisation states are all preserved (∆ V = 1) or all flipped (∆ V = −1),
We also determine the conditions for which a net circular polarisation signal would be preserved after scattering at low/high energies. This was done in four different frames: centre of mass, rest frame, spin frame and fixed frame. We observed that, for the first three frames mentioned before, a common characteristic is that for low energy incoming photon, the change on the net circular polarisation depends on the scattering direction. The fixed frame does not have this characteristic because the incoming electron is relativistic. On the other hand, for high energies of the incoming photon in the centre of mass and spin frame, the circular polarisation is conserved independently of the scattering direction. This is not true for the rest frame, where the change in the net circular polarisation depends on the scattering direction of the outgoing photon. The only way the polarisation changes in this frame is when the photon scatters in the forward direction. To complement this work, we also studied the effect of the electron spin on the conservation of circular polarisation. In this case, we define the change of net circular polarisation as ∆ V,e± for an initial electron spin J z (e 1 ) = ± 1 2 in the rest frame. We observed that by fixing the electron spin, the mass of the electron becomes relevant since the change of circular polarisation conservation behaves very different when the incoming photon energy is above or below it. Indeed, in the low energy limit, the conservation of net circular polarisation depends on the scattering direction, as in the case of unpolarised electrons, and it is independent of the initial electron spin. However, this is not the case for high energy photons, where ∆ V,e± depends on the initial electron spin and it does not depend on the scattering direction. For instance, for an incoming high energy photon with positive helicity, its polarisation changes when the spin of the incoming electron is positive, otherwise the photon polarisation is conserved independently of the scattering direction.
We also developed a general formalism to study the time evolution of the Stokes parameters in the (I, Q, U, V ) basis in terms of the scattering matrix elements. This formalism is valid for any type of scattering at any energy and can be simply computed using the entries of the A-matrix given in Eq. (34) . For the particular case of Compton scattering, we found that the time evolution of the V parameter is independent of the other Stokes parameters. This means that even after multiple scatterings, while the amount of circular polarisation might change (i.e., the difference between left or right helicity states), circularly polarised light will never become linearly polarised or vice versa.
The formalism developed in this paper provides with a powerful tool to study the changes in circular polarisation as light propagates through any type of medium. This implies that observations of circularly polarised light can be used to deepen our understanding of the nature of dark matter or other theories beyond the Standard Model.
In this appendix, we briefly review the change of photon polarisation during Thomson scattering. Most of the result are well-known and are convenient to be compared with our results of scattering in the high energy limit.
P-matrix for Thomson interactions
Using the expression of the R-matrix as shown in Eq. (11), we obtain the following P-matrix elements
P -matrix for Thomson interactions
The P -matrix denotes the P-matrix in the (I, Q, U, V ) basis. Considering a rotation of the plane defined by the incoming polarisation vectors by an angle Φ 1 and a rotation for the final photon with another angle Φ 2 , the P follows the transformation
where L (Φ) takes a different form from L(Φ) in Eq. (13),
This eventually leads to the following P -matrix elements
where µ, ν are Lorentz indices, in the Lorentz gauge i,j = (0, i,j ) and M µν the polarisation vector-independent amplitude associated with each Feynman diagram. The amplitude squared for Thomson scattering is given by
where the amplitudes for the different s, t, st channels M µν M * µ ν s,t,st are equal to
Using these definitions together with A i ij j ≡ W M i i M * j j W −1 and P = C A i ij j C −1 , one finds that the Stokes parameters after Thomson scattering are given by
l · (1) r ) ,
which indeed agrees with Chandrasekhar's results as displayed in Eq. (A7). Using the Thomson kinematics in the fix frame, we obtain Eq. (14), as expected. Therefore, In the low energy limit of the incoming photon, the two formalism are equivalent.
Appendix B: Kinematics and results in the different frames of reference
Reference frames
To compare the polarisation of light in processes with relativistic electrons from those with non-relativistic electrons we consider some frames of reference. Such frames are the centre of mass (COM) frame, the rest frame, the fixed frame and the spin frame; each of them is good for describing different physics aspects of the process.
The COM frame is a good approximation for describing thermal photon scattering with thermal electron. The rest frame can be treated as a limit of an energetic photon scattering with electron with a small momentum. The Spin frame specifies the electron spin J z = ±1/2 in the z direction. The fixed frame can be applied to an energetic electron scattering with a soft photon.
For every frame of reference shown in Fig. 5 the four-momenta p 1 and p 2 correspond to the incoming and outgoing electrons as well as the four-momenta k 1 and k 2 correspond to the incoming and outgoing photons respectively. In the following we give the explicit kinematics for each of the frames.
a. Centre of mass frame
In this frame the incoming photon and electron move in opposite directions with the same momentum |p 1 | = E γ , which is the photon energy. The outgoing photon and electron do not change energies but only directions. We assume the angle between incoming photon and outgoing photon is θ. Finally, in this frame the energy for the incoming electron is E 2 e = E 2 γ + m 2 e and the four momenta reads as follows,
Rest frame COM frame 
b. Rest frame
In this frame the electron is initially at rest and the photon has energy E γ,1 and momentum k 1 = E γ,1 on the z direction. After the scattering the photon acquire an energy E γ,2 and goes to a direction θ respect to the z-axis with momentum p 2 . The four-momenta are defined as,
We present the squared matrix element for different polarisation transitions in terms of the initial and final photon energies since it simplifies our results drastically. For this we use
c. Spin frame
In this frame of reference the incoming and outgoing electrons are moving along the ±z direction respectively, and the incoming and outgoing photons are moving in the x − z plane. The four-momentum of the particles in this frame are given by,
where E e = k 2 z + m 2 e and E γ = k 2 x + k 2 z . Without of generality, k x , k z > 0 are assumed. Note that k z = E γ sin θ 2 , and k x = E γ cos θ 2 , with θ being the angle between the incoming and outgoing photon.
d. Fixed frame
In the fixed frame, we chose the incoming electron of energy E e,1 and momentum p 1 moving purely along the z direction. The photon in the initial state is coming from any direction with an energy E γ,1 and momentum k 1 . The outgoing photon gets energy E γ,2 and momentum k 2 changing its directions with respect to the initial states. We define the four-momentum particles as,
where φ 1 is the angle between the incident photon and the incoming electron, φ 2 is the angle between the incident electron and the outgoing photon. Additional θ 1 and θ 2 are the angles between the incoming electron and the incoming photon, and the angle between the direction of the incoming electron and the outgoing photon in the x − y plane respectively. In the fixed frame we require that p 2 2 = p 2 1 which leads to
where we have used cos φ 1 = µ 1 and cos φ 2 = µ 2 . In the above, one may use the angle between incoming photon and outgoing photon θ, which is given by
to simplify the formula.
Polarised squared amplitudes for the different frames
Using the general result of the squared amplitude in Eq. (44), we have calculated the amplitudes of photon-electron scattering with specified polarisations eγ ± → eγ ± and eγ ± → eγ ∓ in our four different frames. In the non-relativistic limit (m e E γ , E 2 e − m 2 e ), all four frames approximate to Thomson scattering. However, in the relativistic limit, different frames can be applied to different physical contexts.
a. Centre of mass frame
Amplitudes for the photon-electron scattering in this frame of reference with specified polarisations are given by
In the high energy limit, i.e., the ultra-relativistic limit, they approximate to 1 2 spins |M(eγ ± → eγ ± )| 2 =1 + cos θ + 4 1 + cos θ ,
(B9)
Here, we have dropped the small mass in the denominator. These formulas are not valid if θ is close to π.
b. Rest frame
Working in the rest frame of reference, the corresponding squared amplitudes for processes where the photon helicity is preserved and changed are, respectively
(B10)
In the ultra relativistic limit (E γ,1 → ∞), we get 
where ∆ ≡ cos θ = 1 − µ 2 1 1 − µ 2 2 cos(θ 1 − θ 2 ) + µ 1 µ 2 , µ 1 = cos φ 1 and µ 2 = cos φ 2 . In the ultra (E γ,1 → ∞) relativistic limit we obtain amplitudes are obtained, ignoring the coefficient −ie 2 , as
Although the basis of electron polarisation specify the frame, we still use Lorentz-invariant products (p 1 ·k 1 , p 1 ·k 2 ) to express the amplitude here. In the rest frame, it is simple to replace Lorentz invariants to particular variables, i.e., incoming photon energy E γ,1 and outgoing photon energy E γ,2 by doing the replacements p 1 ·k 1 = m e E γ,1 and p 1 ·k 2 = m e E γ,2 to re-express these formulas.
We can then use the Lorentz invariant amplitudes in Eq. (44) to find the corresponding cross sections
where σ T = 1 6πm 2 e . Note that the same method can be used to calculate the cross sections for the photon scattering off polarised electrons discussed in Appendix D.
The summation of both photon and electron polarisations gives the standard Compton scattering amplitude 
which is consistent with former result in [48] . It is useful to define the "summed" asymmetry between the two photon helicity states at the cross section level, 
which is the ratio of total conserved circular polarisation after integrating over phase space. Its behaviour as a function of χ is numerically shown in Fig. 6 . The Thomson scattering refers to the limit χ → 0. In this case, only ∆ σ V = 0, which is well-known [4] . The circular polarisation is likely to be preserved with larger χ, which corresponds to larger energy momentum transfer between photon and electron. For χ 10 4 (corresponding to E γ,1 0.361 GeV in the COM frame, or E γ,1 511 GeV in the rest frame), ∆ σ V can reach 0.8. For each row, we fix incoming electron kinetic energy p1 = 1 keV, 0.1 MeV, 1 MeV and 5 MeV, respectively and for each column, we fix the angle φ1 between incoming photon and electron with cos φ1 = 1, 0.5 and 0, respectively. The angle difference between incoming and outgoing photons projected on the x − y plane is fixed cos(θ1 − θ2) = 0.5. 
